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Q ■ Abstract. This work is concerned with the identification problem for what we call the 

r^ . perturbation term or error term in a parabolic partial differential equation, through its 

c^ ! approximate periodic solutions. The observation is made over a subregion of the physical 

domain. The existence and uniqueness problem of the approximate periodic solutions is 
studied in the first part of the paper. A solution to the identification problem is given in 
the second part of the paper. The main ingredients to be used include the classical Gar- 
^ . lerkin method and the more recently developed Carleman estimates for a parabolic system. 
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,j. 1 Introduction 

X 

c^ ' Let Q C R" be a bounded domain with C^-smooth boundary dQ and let a; C fi be a 

subdomain. Write Q = Q x {0,T) with T > and write Q'^ = cu x (0,T). Consider the 
following parabolic equation: 

Oil 

— {x,t) + Lu{x,t) = f{x,t), in Q = nx{0,T), ^^_^^ 

u{x,t) = 0, on S = afix(0,T), 

where 

Lu{x, t) = Lqu{x, t) + e{x, t)u{x, t), 

n n n 

L(,u{x,t) = - Y^ Dj{a'^{x)Diu{x,t))+Yb'{x)Diu{x,t)-YDi{b'{x)u{x,t))+c{x)u{x,t). 

i,j = l j=l 2=1 



Here and in what follows, we write Dj = -^. We also use the standard summation 
convection. Namely, repeated indices imply summation from 1 to n. Throughout of the 
paper, we make the following regularity assumptions for the coefficients: 

(I): a'\x) e LipiU), a'^{x) = a^\x), and A*|eP < a'^{x)Ci^j < ^|^|^ for ^ e R" with 

A* a certain positive constant; 

(II): b\x) e Lip{U), c{x) e L°°(l]), and e{x,t) E L°^(0, T; L«(f])) with g > ^ and 

f{x,t)eL\Q). 

In many applications, one often encounters various problems, such as the inverse prob- 
lem and the Pontryagin maximum principle, related to the periodic solutions of (1.1). (See 
[11] [15] [16] [17], etc). Here, we recall that a periodic solution of (1.1) is a solution sat- 
isfying the following condition: 

u(x,0) =u{x,T) in Q. (1.2) 

In (1.1), the coefficients of the principal part Lq of the operator L is t-independent. 
However, the one for what we call the perturbation term or the error term e{x, t) may 
well depend on the time variable t. It is known that for (1.1), when the operator L is not 
positive (for instance, when e{x,t) takes negative values), the periodic solution of (1.1) 
may not exist for a generic choice of f{x,t). (See Example 3.4 in Section 3). Namely, 
adding an error term with coefficient e(x, t) to the system may well destroy the periodicity 
of certain solutions even if Lq is a positive operator. However, as we will show, the system 
always possesses solutions with certain approximate periodicity. This makes it a natural 
problem to consider the inverse problem, the Pontryagin problem, and many others, for 
(1.1) through a certain family of solutions with approximate periodicity. In this paper, we 
will make an effort towards this study by introducing the concept of approximate periodic 
solutions through the principle part Lq of L. We then study the existence and uniqueness 
of such solutions and use them to identify the error term through the observation of 
solutions over uj. 

We next introduce the concept of /C-approximate periodic solutions of (1.1), where /C 
is a non-negative integer. 

First, we notice that Lq is a symmetric operator. Consider the eigenvalue problem of 
Lo: 

j Lov{x) = Xv{x), . . 

It is well-known (see [8]) that (1.3) has a complete set of eigenvalues {Xj}'^-^^ with the 
associate eigenvectors {Xj{x)}°^i such that LqXj^x) = \jXj{x), — oo < Ai < A2 < 
■•■ < Aj < ■■■ < oo,hmj_>ooAj = oo,Xj{x) G Hq{Q). Choose {Xj{x)}'j^i so that it 
serves an orthonormal basis of L'^{Q). Therefore, ^u{x,t) G L'^{Q), we have u{x,t) = 

ET=i^ji^)^ji^)^ where Uj{t) = ( u{x,t)XAx)dx G L'^{Q,T). 



Definition 1.1. We call u{x,t) is a IC- approximate periodic solution of (1-1) with 
respect to its principal part Lq if 
(a): u e C([0, T]; L'^iSl)) n ^^(0, T; HliVt)) is a weak solution of (1.1); 

(h): ueSK = {ue C([0,T];L2(fi));Mj(0) = Uj{T) for j > /C+1 , Uj{t) = f u{x,t)Xj{x)dx}. 



Here, we recall that u{x, t) is said to be a weak solution of (1.1) with the initial value 
u{x, 0) = ipix) Hue C{[0, T]; L'^{n)) f] L^{0, T; H^{n)) and for any testing function v? G 
Ho'\Q) = {h e L\Q)-dth e L\Q),D,h e L\Q) for all i = 1,2 ■■■n, /i(x, t)|an = 0}, 
we have, for all t, 

(M(-,t),(^(-,t)) - / {u,(pr)dT+ / (Ln,v3)dr = (V^,(^(-,0))+ / {f,ip)dT. 
Jo Jo Jo 

When /C = 0, we will always regard I]j=i = 0. Hence, a 0-approximate periodic solution 
of (1.1) is a regular periodic solution. 

It should be mentioned that in the above definition, we need only to assume that 
u{x,t) e L°^(0,T;L2(fi)) n L'^{0,T; H^{n)) to start with. Then it holds automatically 
that u G C([0,T]; L^(r2)) (see Chapter 3 of [5]). Also, we notice that 

ueSic^^ iu-Ef=iiu,X,)X,){x,0) = iu-Ef=iiu,X,)X,){x,T). 

In the above formula and in what follows, we write («(-, t), (/?(-, t)) = / u(x, t)Lp(x, t)dx, 

Jn 
{u{-,t),u{-,t)) = ||-u(-,t)|p, and we denote Ut for the derivative oi u{x,t) with respect to 

t. 

Our first result of this paper can be stated as follows: 

Theorem 1.2. Lete{x,t) E Mq = {e{x,t) G L°°(0, T; L^(fi)); ess sup^^(^Q^J,^J\\e{x,t)\\L1{n) 
< M,q > ^^,M is a constant}. Then, there exists an integer /Co = A^o (-^o,^,^) > 
such that for any JC > ICq and any initial value aj = (ai, a2, ■ • • , a^:) G R'^, we have a 
unique solution to the following equation: 

' Ou(x t) 
— —^ \- Lou{x,t) + e{x,t)u{x,t) = f{x,t), in Q, 

u{x, t) = 0, on S, (1.4) 

{u{x, 0),Xj{x)) = aj, for j < IC, 

. ueSic- 

Moreover, for such a solution u{x,t), we have the following energy estimate: 

suPte[o,T]ll«(-,Of + ^^l|Vti(-,t)frft<C(Lo,M,f])(|a,p + |frfxrft). (1.5) 



The second part of this work is to study an inverse problem. We will identify {e{x, t), aj) 
from Aiq X R'^ via the observation of solutions for (1.4) on the subdomain uj G il. More 
precisely, we shall study the following identification problem: 



Problem (P) Find the minimum value of / |m — ti| dxdt for (e(x, t), a/) G M.q x R' 
with u satisfying 



— —^ \- Lou{x,t) + e{x,t)u{x,t) = f{x,t), in Q, 

u{x,t) = 0, on S, 

(■u(a;, 0),Xj(x)) = ttj, for j < /C, 

. ueSfc, 

where u G L'^{Q^) is a given function. 

Making use of Theorem 1.2 and the Carleman inequahty estabhshed in [2] [11] [16], 
etc, we are able to prove the existence of solutions to problem (P). Our second main 
result can be stated as follows: 

Theorem 1.3. Let /C he as in Theorem 1.2. Then there exist an e*{x,t) G Aiq and 
a*j G R'^ such that 



\u{e*,a*j;x,t) — u\ dxdt = inf / \u{e,ai;x,t) — u\ dxdt. 

(e,a7)eA4qXR'= JQ^ 

Here u G L'^{Q^) is a given function and u{e, aj; x, t) is the solution of equation (1.4) with 
error coefficient e{x, i) and {u{e, aj; ■, 0), Xj{-)) = aj for j < /C, where aj = (ai, ■ ■ ■ , a^) G 

Theorem 1.3 can be immediately used to give the following slightly more general result: 

Corollary 1.4. Let k be a non-negative integer. Then there exist an e*{x,t) G A4q 
and a*j G R'^ such that 

\u* — u\'^dxdt = inf / \u — u\^dxdt. 

Q^ {e,ai)eMqXR'',u<^U{e,ai;x,t) Jq'^ 

Here u G L'^{Q^) is a given function and U{e, aj; x, t) is the set of solutions of the following 
equation, which we assume to be non-empty: 

— —p \- Lou{x,t) + e{x,t)u{x,t) = f{x,t), in Q, 

u{x,t)=0, on S, (1.6) 

{u{x,0),Xj{x)) = aj, ai = {ai,---,ak), for j < k, 

u G Sk- 



Similarly, u* satisfies the following equation: 

' du*(x,t) 
—-^ \- Lou*{x,t) + e*{x,t)u*{x,t) = f{x,t), in Q, 

u*{x,t) = 0, on S, 

{u*{x,0),Xj{x))=a*, a* = (a*,---,a*), for j < k, 

^ u* e Sk- 

Notice that in Corollary 1.4, (1.6) may have a family of different solutions. 

It is not clear to us if the uniqueness property for e*{x, t) in Theorem 1.3 holds. How- 
ever, if one fixes e{x, t) and tries to identify aj through problem (P), then the uniqueness 
of a/ is indeed guaranteed as the following theorem shows: 

Theorem 1.5. Under the same notation as in Theorem 1.3, there exists a unique 
a} e K'^ such that 

/ \u{e,a*j;x,t) — u\'^dxdt = inf / \u{e,ai;x,t) — u\'^dxdt. 

System (1.1) models a large class of physical processes, where u{x,t) represents the 
temperature or other physical quantity. The identification problems associated with sys- 
tem (1.1) with initial condition u{x,0) = uo{x), where uo{x) is a given function, were 
studied by many authors. See [1] [4] [6] [7] and [13], where the observations are taken in 
the whole domain Q. However, in many applications, one may only be able to measure 
the quantity on a subdomain uj G Q and does not have enough information about the 
initial value. One may still be asked to determine the error influence e{x, t) in the physical 
process through the approximate value of the solutions over u. When the approximate 
value comes from approximate periodic solutions, then our results of the present paper 
can be directly applied. Notice that this is an inverse problem. For the direct problem, 
one is asked to determine the value of the solution to (1.1) for a given e{x,t) and a/. 

Since our observation is taken in a subdomain a; C fi, we can not apply the method 
employed in the work mentioned above to answer (P). Our key ingredients in this paper 
to get the existence of solutions for (P) are the energy estimate (1.5) and the Carleman 
inequality. There have been many papers written on the related subjects in recent years. 
Here we would like to mention [1-7] [14] [16] [17], and the reference therein, to name a 
few. 

The paper is organized as follows. In Section 2, we prove the existence and uniqueness 
of the solution to system (1.4). In Section 3, we obtain the existence of the identification 
problem (P) by proving Theorem 1.3. 

This work is a continuation of [14], where very special cases of the results in this paper 
were studied. It should be mentioned that the paper is largely motivated by two papers 
of G. Wang and L. Wang [16] [17]. 



2 The existence and uniqueness of the solution 

In this section, we prove the existence and uniqueness of the solution to system (1.4). 
We will use the Galerkin method for constructing solutions in the iSj^-space for the fol- 
lowing equation introduced in Section 1: 

— --^ ^ Lou{x,t) + e{x,t)u{x,t) = f{x,t), in Q, ^^ i) 

u{x,t) = 0, on S. 

Recall that LqXj{x) = XjXj{x), Xj -^ oo, Xj{x) G Hq{Q). Let G^ = {g{x,t) G 
L'^{Q);g{x,t) = J2jLigjit)Xj(x), gj{t) G L^(0,T)}. We first look for an approximate 
solution u^{x,t) of (2.1) in the (jAr-space, which also has the /C-approximate periodicity 
as defined before. Here /C depends only on the Lq, M, Q and will be determined later. A^ 
is always assumed to be sufficiently large (A^ >> /C). 

Write L = Lo + e. Assume u^ = Y.f=i ufit)Xj{x) such that dtu^ = -Lu^ + / has 
projection to Gn in the following sense: 



{dtu'' + Lu"" - /, (^) = 0, for < t < T and any (/? G G 



N- 



Letting Lp = Xj for j = 1,2,- ■ ■ , N, we get the following system of ordinary differential 
equations: 

^^ + ^5,,(t)«^(t) = /,(t), J = 1,2, ■■■,]¥, 

where Sfc,(t) = (LXfc,X,) = f LX^-X^dx, f){t) = (/,X,) = j f\x,t)X,{x)dx. 

We put the following condition on u^: 

Uj (0) = -u • (T) for j > /C with /C independent of A^ and being determined later. 
Consider the following system of ordinary differential equations: 

duf{t) 



Y,B,,it)u^{t) = 0, j = l,---,N, 



<(0) = 0, 

Mf,(0) = af, G R^-'^ 



(2.2) 



Here and in what follows. 



<(t) = «(t),<(t),-.-,<(t)). 

Lemma 2.1. Let u'^(x,t) = Y.f=i'uf{t)Xj{x) be the solution of (2.2). There exists an 
integer /C depending only on Lq, M,Q such that for any fixed N > IC, the operator: 

6 



is contractive. Namely, 

iJio-n)] ^ fJ'lO'nl with fj, fixed and < jj, < 1. 
Here and in what follows, we always assume that ess S'Uj)jg(-Q2^J|e(x, t)||i9(n) < M. 

For the proof of Lemma 2.1, we need the following claim: 

Claim 2.2. For any Vi,f2 € Hq{Q), there are constants C{Q,q) depending only on 
Q,q and Cs{s) and Ci{e), depending only on e with Cs{s) — * as e ^ 0, Ci{e) ^ oo as 
e —^ 0, such that 

\e{x,t)vi{x)v2{x)\dx < C{n,q)M{Ci{e){\\vi\\l2^^^ + ||t;2||i2(f^)) 

Proof of Claim 2.2. By the Schwartz inequality, we need only to prove the claim in 
the case oi Vi = V2 = v. 



\e{x,t)\v'^dx < \\e{-,t)\\Lg(^n)\\v^\\^,' 

< ^ll^lliv(n)' 



(Q) 



where q' = -^. Let a = ^{n + 2 - nq'). Then 27 = f + iMt" ^^^^' ^^ ^^^ Holder 

n 

inequality, we have 



/ = / \e{x,t)\v'dx < MWvwi^^^wvir,-:', . 



By the Sobolev inequality. 






Hence, I < MC{n,q){\\v\\'l.^^^\\v\\]^f^^/. 
Now, by the following Holder inequality: 



1 



a-b<eaP+ -^\fl 






with i + i = 1, we have 



<MC(fi,g)(C.(e)||V^||i.(^)+a(e)||t;||i.(^)). 



Here and in what follows, Cs{£),Ci{£) stand for small and large constant depending only 
on e, which may be different in different contexts. The proof of the claim is complete. I 

By Claim 2.2, we have 



\Bkj{t)\ = \{LoXk,Xj) + {e{x,t)Xk,Xj 

\ 112 I IIV7 V 112 



\X,5^ + ieix,t)Xk,X,)\ 
< \X,6^\ + \Q{e) + C,(£)(||VX,||i.(^) + ||VX,||i.(^,,„ 



C2/^ ^\J„\i/ / v2 ' ^i 



|/,(t)| < ( / f\x,t)dx)H X^dx)-^ < WfU^^n). 
In particular, we conclude that any solution of the initial value problem of 

duf{t) 



^^ , Y.BkAtM{t) = m, J = l,---,N, (2.3) 

«(0),<(0),---,<(0)) = a^GR^, 
is absolutely continuous over [0,T]. 

Proof of Lemma 2.1. Multiplying 2u^{t) to the first equation of (2.2) and summing 
up with respect to j from 1 to A^, we get 



As before, we use || ■ || to denote the usual L^(r2)-norm. After some calculation involving 
the Green formula, we have the following Garding inequality (see [8]): 

^llVw^lP + C||ii^||2 > (Loix^,!.^) > ^llVw^lP - CWu^'W^ (2.4) 

A* 2 

By (2.4) and Claim 2.2, we obtain 

We choose e such that Cs{s) < ^. Then we get, for a large constant C/, 

*iM) + ^ilv„"r-a(.),i„T<o. 

dt 2 

Applying the Gronwall inequality, we have 

|(h^(-,t)||V^'(^)*) + ye-^'(^^*||V^.^ir < 0, 

\\u''{;t)f + f\\Vu'^{-,r)fdr < C||«^(■,0)||^ W G [0,T]. 
Jo 



In particular, 



Nr ^M,2/^„..JV, nM,2_^,.iV,2 ^^^ u^^N, 



'dt < C\a'/j\\ 



(2.5) 



Next, multiplying 2Uj{t) to the first equation of (2.2) and summing up with respect to j 
from IC + 1 to N, and letting 



N 



u'^'^^x 



j=K+l 



then we get 



Notice that 



dt 



N „.NJI\ 



+ 2{Lu'\u 



{Lu'', u^''') = (Lou^, M^'^0 + (e(x, t)M^, M^'^O 

= (Lotz^'^^ M^'^0 + (e(a;,t)M^,M^'^0 
= Ef=^+i A,>f (t))2 + (e(x, t)^.^, ..^'^0. 

By Claim 2.2 and (2.4), we have 



e{x,t)u^, M^'^OI < Ci{e){\\u^f + \\u^^''f) + C,(£)(||VM^f + HVm^'^^IH 

I Vw^f + C,(5){f llw^f + ^{Lou^, u^)} 
|V«^f + C,(5)(f ||«^f + |S||V«^|p) 
|Vm^||2. 



< a(£) 


u^\ 


' + C,{e)\ 


<CK£)| 


u'^l 


' + Cs{e)\ 


<Ci{e)\ 


u^\ 


' + Cs{e) 1 


<Q{^)\ 


u^\ 


' + a{e)\ 


<Ci{e)\ 


u^^l 


' + Csie)\ 


< Ci{e) 


u^\ 


' + Csie)\ 



Notice that to get the last inequality, we applied the other part of the Carding estimate. 
We have 



d{\\u 



NJIl 



dt 



+ 2\^\\u^^''r-Q{e)\\u^r 



Cs{e)\\Vu 



N\\2 



< 0. 



By the Cronwall inequality, we get 



^2\Kt\\^NJI( 



\U 



NJI 



(■,0)f <Q{e) e^^^^Wu^'W^dr 



We obtain 



g2A^T||^7V,77( 



• T)\\' 



\U 



NJI 



+Cs{e) I 6^^'=" II VM^fdr, Vt G [0,T]. 
Jo 



(■,0)f <Ci{e) e^^'^i^^frff 



Jo 



\u 



NJI 



(■,T)f <e-^^^^\\u'''''{-,0)f + Ci{e) e'^>^^'-^^\\u''fdt 



Jo 



T 



< e '^ \ajj\ + Li[e) ■ C ■ \ajj\ [^^ ^^^) + Cs[e) ■ C ■ \ajj\ . 

Now, we first choose e sufficient small such that Cs{£) ■ C < ^. Then we fix such an e and 

fix a /C > 1 such that e"^^'=^ < | and Qi^) ■ C ■ i2t^ - ^^f-) < i- (Apparently, the 
choice of such a /C depends only on the operator Lq, M, Q.) We then obtain 

\uUT)\'=\\u^'''{;T)f<l\afj\\ (2.6) 

Since J{afj) = ufj(T), we see the proof of Lemma 2.1. ■ 

Next, we prove the following proposition: 

Proposition 2.3. Let /C be choose as above. Then for any af G R'^, there exists a 
unique solution u^ of the following mixed boundary value problem: 

<(0) = a? e R^, (2.7) 

<(0)=<(T). 

Proof of Proposition 2.3. Let u^{x,t) = Y^^^iU^At)Xj{x) be the solution of the 
following system: 



(2i 



du^it') 

(<(0),<(0),---,<(0)) = 0. 
Let u^n{x, t) = Y.f=i u^N At)Xj{x) be the solution of the following system: 

^ -^ + Y^B,,{t)u^{t) = 0, J = !,■■■, N, ^2 9) 

^ (<(0),<(0),---,<(0)) = a^ = (af,af,). 

For a fixed af E H^, we define 

Im : R^-'^ ^ R^-'^ such that l^iafj) = u^,,{T) + «^.,,(T), 

where 

<iiT) = (<^+i(7^),<^+2(7^),---,<^m), 

'^a^Ili'^) = ('^a^,K:+l(^)''"a'V,K:+2(^)' ■ ■ ■ ''"a'V,Ar(^))- 

10 



Namely, u^jj is the last N — IC components of u^ and u^njj is the last N — IC components 
of u^N ■ We have 

I T/ N,l N,2\\ 

^ V3| N,l N,2\ 

Hence, J^at is a contractive map and has a unique fixed point a^^. Namely, Ja^ian) = an- 

Then (2.7) has a solution u^{x, t) with ^//(O) = af^ = ufj(T). The uniqueness also follows 
from the uniqueness of the fixed point of J^n . The proof of the proposition is complete. 
■ 

Next, we estimate afj, the unique fixed point of J^n. 

Proposition 2.4. Let a^j be as above. Then ja^jp < C(|af p + / pdxdt), where C 

JQ 

depends only on Lq, M, Q. 

Proof of Proposition 2.4- We know a^j = u^jiT) = u^jj{T) + u^n jjiT). We first 
estimate u^jj{T). Multiplying the first equation of (2.8) by 2u^j{t) and summing up 
with respect to j from 1 to A^, we have 

d{\\u^{; t) f_) ^ 2(^^A.^ ^N^ = j^N /^.(,)^^.(,) 



dt 



<ll.ff + lkf(-,t)f. 



By using the Gronwall inequality as before, we get 

hf(-,t)f+r 

te[o,T; 



sup ||Mf(-,t)f + / \\Vu^{-,t)fdt<C f f^dxdt. 

e[0,T] "'0 JQ 

In particular, ||'u^(-,T)|p < C* / f'^dxdt. Hence, 

Jq 

Kiiin' = \\ufjj{;T)r <cl fdxdt. (2.10) 

JQ 

Next, we let u^'^{x,t),u^''^{x,t) be the solution of the following system (2.11) and (2.12), 
respectively, 

-^ + Y^B,,{t)u^{t) = 0, j = l,---,N, (211) 

(<(0),<(0),---,<(0)) = (af,0), 

du^(t) 

-^ + Y^B,,{t)u^{t) = 0, Jj=l,---,iV, (2.12) 

«(0),<(0),---,<(0)) = (0,af,). 
11 



From the proof of Proposition 2.3 and Lemma 2.1, we get 

K^niT)? =|«f/(T)+«f/(T)P _ 

< a(£)|af p + (1 + C,(£))| J«)p (2.13) 

<a|afp + (l + C,)||af,p. 

By (2.10) and (2.13), we have 

|<r<C(|afp+ [ fdxdt). 
Jq 

The proof of the proposition is complete. I 

Remark 2.5. From the proof of Lemma 2.1, we conclude that the value /C depends 
only on Lq, f2 and M. Namely, given Lq and M with ess sup(g/Q2.J|e(a;, t)||iq(Q) < M, 
there is a /Co = ^o (-^O) ^i ^) such that for any N > IC > ICq and af = {a^ , a^, ■ ■ ■ , a^) 
G R'^, the following mixed value problem has a unique absolutely continuous solution 

M^(x,t) = EUK(t)Xjix) over [0,T]: 



ci<(t) 



dt 
<(0) = af , 

</(o) = <(r) 



5:S,,(t)wf(t) = /,(t), J = 1, ■■■,]¥, 



(2.14) 



Moreover, write afj = ufj{0) = u^j(T), we have the estimate: 

Kj\^<C{\a?\^ + I fdxdt), (2.14)' 

where C depends only on Lq, M, Q. 

Now, we follow the standard method to provide a convergence proof for the /C- 
approximate periodic solution u^{x,t) in Proposition 2.3. Since some minor changes 
are needed, we give some details. We first recall the energy estimate (Chapter 3 of [5]): 

sup \\u^{-,t)f+ r\\Vu^{-,t)fdt<C{\\u^{-,0)f+ f fdxdt). 
te[o,T] "'0 Jq 

By the estimate in (2.14)', we get 

sup,,[o,^]||ti^(-,t)f + |j|Vtz^(-,t)fdt<C(|afp + |/2rfxrft), (2.15) 
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where C depends only on Lo,M, f], and where u^{x,t) is a solution of (2.7). We next 
fix af = aj = (tti, a2, ■ ■ • , a/c), and also /C that satisfies the property in Remark 2.5. We 
compute 



\ufit + At)-ufit)\ = \f'^\j:B,,iT)u^ir)-f,ir))dT\ 



t+At rt+At 

< I / {Lu^, Xj)dT\ + I / fj{r)dr\ 

t+At 



< \J^ {Q{e)\\VX^f + C,(e)||VX,f + C,(£)||Vw^f + C}dr\ 

/•t+At , ft+At , 



<C,(£) + G(e)VAt. 

Now for any e' > 0, we can find e > such that Cs{e) < ^. Then fixing such an e, we 
can find 5 > such that when |At| < 5, Ci{e)\/'^ < |-. Hence, when |At| < 5, 

\u^{t + M)-uf{t)\<e'. 

Note that 5 is independent of A^. We proved that {u^ {t)}^=i is equi-continuous. Since for 
any A^ >> 1, E^li KWP < \\u^{-,t)f < C, {wf (t)}?^=i is uniformly bounded. Now 
by the Ascoli-Arzela Theorem and the diagonal-element picking method, we can find a 
subsequence {A^^} such that for each j, Uj '(f) -^ Uj{t) uniformly over [0,T]. 

Remark 2.6. We note that for each j, {u^ (t)}^^-^ is an equi-continuous family and 
uniformly bounded. For each j and for any e > 0, there is a 5{j, e) with 5 depending only 
on j, Lq, M, e such that when | At| < (5(j, e), we have \uj{t + At) — Uj{t)\ < e. 

Next, for any fixed m < Ni, we have 

Letting A^^ ^ oo, we get E]liiuj{t))^ < C, and thus Ej°^i(mj(0)^ < C. Let w(x,f) = 
E°^iMi(t)Xj(a;). We have u{x,t) G L°^(0,T; L\n)). Now, for j < /C, 



Wj(0) = hm Wj'(0)= hm a 



Oo. 



For j > /C, 



lllJ-J. Lt//) \ " / 111J.A Ct"i (Jy-j 



uM = hm <' (0) = lim uf^{T) = u,{T). 



Since m^'(x, t), Vm^K^^,^) e L'^{Q) with ||m^'(x, t)||L2(Q) < C, ||Vm^'(x, t)|U2(Q) < C, 
without loss of generality, we can assume that -u^' (x, t) — > m*(x, t) weakly in 1/^(0, T; HliVt)). 
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limATj^oo 



(See page 54 of [5]). 

Let Ojit) e C°^[0,T], and $'-(x,t) = Ei=i ^iW^i(a;), Ni > r. Since 

Jo Ni-*ooJo 

Y, uf {t)ej (t) dt= I Y. ^i (^) ^i (^) ^^ 

(w(-,t), $'-(-, t))dt. 

Since the set of all such $'^'(x, i(:)'s is dense in L?'{Q,T\HI{VL))^ we get u{x,t) = u*{x,t) 
a.e. mL\0,T;H^{n)). Hence, M(a;,t) E L^iO,T; L\n)) n L^{0,T; H^iO}). 

Now we prove w(x, t) is a weak solution. 

Let $''(a;,t) = X]J=i Oj{t)Xj{x) be as above and A^; > r. We have 

hm («^K-,0,*^(-,^)) = Jim E<'W^.W = E«.W%W = (^(•,t),$'-(.,t)), 



Ni^oo 



Ni^oo 



i=i 



i=i 



lim 



(«^H-,r), 



$;(-,r))(ir= r lim E <nr)^;(r)rfr 



J2ujiT)9j{r)dr 






K-,r),$;(-,r))dr, 



hm f\Lu'''i;T),<^%;T))dT= f\Lui;r),<^^i;T))dT. 
Ni~>oo Jo Jo 



Therefore, we get 

{U{;t),¥{;t))- f\u{;T), <!>:{■, r))dr+ f\Lu{- , t) , ^^ {■ , T))dT 

Jo Jo 

= K-,0),<l>'-(-,0)) +/*(/(•, r), $'-(•, r))dr. 
Jo 

Since all such $'"(x, t)'s are dense in Hq' {Q), we proved that u{x, t) is a weak solution of 
(2.1). Note that u{x,t) G Sjc- Summarizing the above, we proved the following: 

Theorem 2.7. There exists an integer /Co = K^oiLo, M,Q) > such that for any 
JC > )Co and any initial value aj = (ai, 02, ■ ■ ■ , a^:) G R'^, there is a unique solution to the 
following equation: 

du(x, t) 



+ Lou{x, t) + e(x, t)u{x, t) = f{x, t), 



dt 

u{x, t) = 0, 

{u{-,0),Xj) =aj, 

[ {U{;0),X,) = {U{;T),X,), 



in Q, 

on S, 
J</C, 
j>/C. 



(2.16) 
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Theorem 2.8. Let u{x, t) be as in Theorem 2.7. Then there is a constant C depending 
only on Lq, M, Q such that 

sup,g[o,T] \H-,t)f + f\\'^u{-,t)fdt < C{\ai\^ + J fdxdt). (2.17) 



Proof of Theorem 2.8. By (2.15), we have 

/o 
Since u^'{x, t) -^ u*{x, t) weakly in -L^(0, T; Hq{Q)), we have 

llVwfdt < hm / 

/O Ni-*ooJo JQ 

:iuf^{t)f<c{\ajn 

For any m < Ni, we have 



sup,g[o,T]l|w^K-,^)f + / \\Vu^'i-,t)fdt<Ci\aj\^+ I f^dxdt). 
-^ u*{x, t) weakly in -L^(0, T; Hq{Q)), we have 
/ \\Vufdt< lim / \\Vu^'fdt<C{\ai\^+ff^dxdt). (2.18) 

-'0 Ni-*ooJO JQ 

«^'(-,0f = E«'W)' < C{\aj\'+ / f'dxdt). 
~t Jq 



T{uf{t)f < C{\ai\^ + / f^dxdt). 
Letting A^^ -^ oo, we get YJfLiiuj{t)f < C(|a/p + / f^dxdt). Hence, 

oo „ 

J2Mt))' = M-,t)f < Ci\aj\'+ / f'dxdt). (2.19) 

By (2.18) and (2.19), we have (2.17). The proof is complete. I 

Proof of Theorem 2.7. It suffices to prove the uniqueness part of Theorem 2.7. Indeed, 
we need only to show that the only solution u{x, t) of (2.16) with / = 0, a/ = is 0. For 
this purpose, we ffist recall the energy estimate: 

sup,,[o,T]ll«(-,i)f + ^^l|V<,t)frft<C|a,,|^ (2.20) 

where 

an = m-, 0), X^+i), (m(-, 0), X^+2), )• 
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Multiplying Xj{x) to both sides of the first equation of (2.16) and then integrating 
over Q, we get 

^ + iLu,X,) = 0. (2.21) 

Write M™(a:,t) = J:T=k+i{u,Xj)Xj{x) = j:T=K+iUj{t)Xj{x),m > /C+1. ThenM™(x,0) = 
u"'{x,T). 

Multiplying 2uj{t) to (2.21) and summing up with respect to j from /C + 1 to ttt,, we 
get 

"^^''"""j^'^^"'^ + 2{LoU, u^) + 2(e(x, t)u, u^) = 0. 
By the same arguments as those in the proof of Lemma 2.1, we have 

^'^"''"'j;^^"'^ + 2Xdu-i;t)r < Csie)\\Vur + Qie)\\ur. 
Using the Gronwall inequality and noticing that u"^{x,0) = w™(x,T), we get 

(e2AKT_ i)||^m/ 0)f < Cs(e) r e^^>^'\\Vufdt + Ci(e) ^ e^^'^'\\ufdt 

Jo Jo 

S tvsieje '^ \aii\ +Ui[e) — ^ — |a//| . 

So 

\\u-i;0)r<C,ie)J^^\an\' + Qie)^\an\'. 

Letting m ^ oo, we obtain 



m 1 

lim ||w-(.,0)f = hm Y. iuMf = Wii\'<Cs{e)\an\'' + Ci{e)-—\an\'' 






We first choose e such that Cs(e) < |, then we choose /C > /Co ^ 1 such that Ci(£)2^ < \- 

We have 

1 1 

It says |a//p = 0. By (2.20), we apparently get u{x,t) = 0. The proof is complete. I 
Proof of Theorem 1.2. Theorem 1.2 follows directly from Theorem 2.7-2.8. I 



3 Existence of the solution to (P) 

In this section, we give a proof of Theorem 1.3. Besides results established in §2, 
another main ingredient to be used here is the Carleman inequality for linear parabolic 
equation developed in [2] [10] and [16], which in particular implies the unique continuation 
property for the solutions. 
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First, by Theorem 2.7, there exists an integer /Co = ^o (-^O;^)^) ^ such that for 
any /C > /Co and any initial value aj = (ai, a2, ■ ■ ■ , a^:) G R'^, we have a unique solution 
u{x,t) to the following equation: 

— —^ \- LQu(x,t) + e(x,t)u(x,t) = f(x,t), in Q, 

ot 
u{x,t) = 0, on S, (3.1) 

{u{-,0),X,) = a„ j</C, 

[ («(-,0),X,) = («(•, T),X,), j>/C. 

For the proof of Theorem 1.3, we need the following Lemma: 

Lemma 3.1. Let e„ G Mg, af = (a^*, a^, ■ ■ ■ , a]^) G R'^ wi/i m = 1, 2, ■ ■ -. ^nti /ei 
Mm ("^ = 1, 2, ■ ■ ■) be the solution of the following: 

— \- LoUm{x,t) +em{x,t)Um{x,t) = fm{x,t), m Q, 

ot 

Um{x,t) = 0, on S, (3.2) 

{uU-,0),X,) = af, j</C, 

[ (ii„,(-,0),X,) = («„(•, T),X,), j>IC. 

Assume that |a™| < Mq with Mq independent of the choice of m. Suppose that e^ -^ 
e* G Mg in the weak-star topology of L°^(0, T, L''(fi)), a™ -^ a* for j = 1, 2, ■ ■ ■ , /C, and 
fm -^ f* in the LP'{Q)-norm. Then there is a subsequence {nrik} such that {um^} converges 
m the weak L^-topology to u* G C([0, T]; ^^(fi)) n ^^(O, T; H^in)) with 

■ du*(x,t) 
-— ^ \- Lou*{x,t) + e*{x,t)u*{x,t) = f*{x,t), in Q, 

u*{x,t) = 0, on S, (3.3) 

{u*{;0),X,) = a*, j<IC, 

[ {u*{;0),Xj) = {u*{;T),X,), J>IC. 

Moreover, write Um^{x,i) = Z^^i w™'°(t)Xj(a;) and u*{x,t) = Y^'^iU*{t)Xj{x). Then by 
choosing ruk suitably, we have 

lim uj^it) = u*{t), for any t G [0,T], j, 

and for any S > 0,Um^{x,t) -^ u*{x,t) strongly in the L'^{[6,T] x Q)-norm. 
Proof of Lemma 3.1. By the energy estimate in Theorem 2.7, we have 

/o 



sup,e[o,T] \\u^{-M'' + [ \\^Um{-M^dt < C{\af\^ + j fldxdt) < C, 



where a™ = (a™, a^, ■ ■ ■ , a^), C depends only on Lo, M, and Vt. By the assumption in 
Lemma 3.1, without loss of generality, we can assume Um{x,t) -^ u*{x,t), Vum{x,t) — > 
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Vu*{x,t) in the weak L2(Q)-topology. Apparently, u* G L'^{Q) n L^{0,T; H^{^)). 

By Remark 2.6, {^"^(t)}^^]^ is an equi-continuous family and uniformly bounded for 
each j. By the diagonal-element picking method and the Ascoli-Arzela Theorem, we can 
find a subsequence {rrik} such that 

for each j, uj'''{t) -^ "^K^) uniformly over [0,T]. 

Now, we let u*{x,t) = I]^i 'Uj(t)Xj(x). Apparently, from the estimate: 

Ef=i(MrW)^ < C for any A^, it follows that E°ll(^5W)^ = \\u*i-,t)f < C. 
Now for any 9j{t) G C°°[0,T], we have 

limfc^oo / {um,,{-,t),Xj)0j{t)dt= lira / u"'''{t)0j{t)dt 

Jo fc^oo Jo 



u*{t)9j{t)dt = / (M*(-,t),Xj)6'j(t)dt. 

U "^ u 



On the other hand. 



lim / {um,{-,t),Xj)9j{t)dt= f {u*{;t),X,)e,{t)dt. 

k^ooJo Jo 

Therefore, 

f {u*{-,t)-u*{-,t),Xj9j{t))dt = 0, 0= f {u*{-,t) -u*{-,t),J2Xj)9j{t)dt 

JO JO j=l 

r 

{u*{x,t) -vi*{x,t))(^Xj{x)ej{t))dxdt 
u*{x, t) - u*{x, t))$'"(x, t)dxdt. 



Q 

Since the set of functions with the form $^(x, t) = E^=i 9j{t)Xj{x) is dense in L^(0, T; Hq^Q)), 
we conclude that u*{x,t) = u*{x,t) a.e. in L'^{0,T; Hq{Q)). Therefore, u*{x,t) G 
L°°(0, T; L2(fi)) n L2(0, T; H^{n)). 

Next, for the $''(x,t) defined above, by the assumption, 

(«„(-, t), <l>^(-, t)) - f\u„,{-, r), $;(■, r))rfr + J\l^u^{-, r), $''(■, r))rfr 

JO JO 

+ f\emUmi; ^), *'■(■, r))rfr = (ti„(-, 0), $^(-, 0)) + /*(/-(-, r), $''(■, r))rfr. 

JO JO 

Now, as in Section 2, to show that u*{x, t) is the weak solution of (3.3), it suffices to show 
that 

limfc^oo / emJx,T)umJx,r)¥'{x,T)dxdT = / e*{x,T)u*{x,T)^''{x,T)dxdT 
Jo Jn Jo Jn 

(3.4) 
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for a certain subsequence {nik}. Notice that 
for j < /C, 

iu*{-,0),Xj) = u*{0) = limfc^oo<'=(0) = limk^ooaY' = a*; 

for j > /C, 

{u*{;0),X,) = \imk^^{um,{;0),X,) = \imk^^(um,{-,T),Xj) = {u*{-,T),Xj). 

Hence, the proof of Lemma 3.1 will be complete if we can prove (3.4). 
Next, notice that 

I / emkUm^^' dxdt - i e*u"^''dxdt\ < \ i (e^^ - e*)u*^'''dxdt\ 

+ 1 / drnkiUmk " U*)^'' dxdt\. 



Apparently, | / (e„, - e*)u*^^dxdt\ -. 0. Therefore, it suffices to prove the following 
claim to complete the proof of Lemma 3.1. 

Claim 3.2. There is a subsequence {nik} such that | / em^{urn^ — u*)(^^dxdt\ -^ 0, 
and for any (5 > 0, 

Um^{x, t) — ^ ■u*(x, i) strongly in the L^([5, T]x Vt), as k ^ oo. 
Proof of Claim 3.2. Notice that 

d{UuJ,x,t)) ^2.(tiM^(x,t)) =ti/^(x,t) + ^riM^(x,t), in g = f]x(0,T), 

tiM„(x,t) = 0, on S = afix(0,T), 

2 

t3Um{x,t)\t=Q = 0, in Q. 

By the high order energy estimates for parabolic equations (page 59, Theorem 4.1 of [5]), 
we have 

supig(o^T) ||V(tlM„(-,t))f + / \dtiduraix,t))\'^dxdt < j \t^ f^{x,t) + -t~^u^{x,t)\^ dxdt 

< c. 

2 

Then ||t3M„(x, t)||vFi.i(Q) < C for all m. By the Relhch lemma, there is a subsequence 
{nik} such that t3Umk{x,t) -^ u{x,t) strongly in L?'{Q). Next, 

u(x,t)^^(x,t)dxdt = lim t3Um,.{x,t)^^(x,t)dxdt 

JQ k->oojQ 

= limfc^oo / Urrn.ix,t)t^^^(x,t)dxdt = / t3u*{x,t)^^{x,t)dxdt. 
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Since all such $^(a;, t)'s are dense in L'^{0, T; H^i^)), u{x, t) = nu*{x, t) a.e. in ^^(O, T; Hl{Vt)). 

Now, 



j fr^/^\t^u^^-u*)\'^dxdt 



T r rT 

/ \um. — u*\'^dxdt 

< C{5) I I \ti (m„, - u*)\'^dxdt < C{5) [ / |ti (m„, - u*)\'^dxdt -^ 0. 
Js Jn Jo Jn 

We thus see, for any S > 0, that 

Umk{x,t) -^ u*{x,t) strongly in the L'^{[6,T] x Q). 
Next, by Claim 2.2, 

-nikiunik -u*)^''dx\ < Cs{e) ljemi,{umk - u*f\dx + Ci{e) j \emS^''f\dx 

,*M2j^ I / \(„. „,*M2 



<Cs{e){ \V{um,~u*)\'dx+ / \{um,-u*)\'dx) + Ci{e) 
< Cs{e)jjS/{um, - u*)\^dx + a(£). 

Next, 

/ eraSum^ ' u*)^'' dxdt\ < / {C s{e) / |V(m^, - M*)prfx + Ci{e))dt 
JQ JO Jo. 

<Cs{e) + 5Ci{e). 

Now, for any e' > 0, 3£(£') such that Cs{e) < j. Then there is a 5 = S{£,£') such that 
6Ci{e) < J. We thus have 

\f I e^^{u^^-u*Wdxdt\ <C,(£) + (5a(5)<f (3.5) 

Notice that 

rT r rT r 

errikiumk " u*)^''dxdt\ < Ci{e") / / \emk{umk - u*Y\dxdt 

T 



J 5 JQ 

< Q{e"){Q{e"') f f \{u^, - u*f\dxdt 
Js Jn 

+Cs{s"') f f I V(n„, - u*y\dxdt} + Cs{e") 
J s Jn 



We have 

rT 



hmfc^ool / / e^S^n., - u*Wdxdt\ < Ci{e")C,{e"') + de") 
Js Jn 
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For the e' as before , we can choose e" such that Cs[s"^ < j. Then for this fixed e", there 
exists an e'" such that C;(e")Cs(e"') < j. Hence 

ImIfc_oo|y J e„,^{um^,-u*)^''dxdt\<^. (3.6) 

Siuce .' .s arbitrary, by (3,5) and (3,6), we get | / e„.(„.„. - u'Wdxdt\ ^ 0, as * ^ oo. 
The proof of Lemma 3.1 is complete. ■ 

Proof of Theorem 1.3. Let d = inf(g aAeM xR'c / l'"(e, O/; x, t) —uf'dxdt. It is obvious 
that d < oo. Thus there exists a sequence {(cm, a™)}m=i such that 

d< f \um(em,a'T]^:'t) — ul'^dxdt < d-\ , (3.7) 

and 

— "" ' ^ ' ^ LoUm{em,af;x,t) + em{x,t)um{em,a'P;x,t) = f{x,t), in Q, 

Um{em,aY;x,t) = 0, on S, 

(iz„(e^,a?^;-,0),X,) = af, j < /C, 

^ (M„(e^,af;-,0),Xj) = (M„(e„,af;-,T),Xj), j > }C. 

(3.8) 
In what follows, when there is no confusion of notation, we simply write Um{x,t) for 
Um{^m, dT'i ^5 1)- By the definition of A4g, there exists a subsequence {nik} and e* G A^^ 
such that 

Cmfc ^ e* in the weak star topology as A; ^ oo. (3.9) 

By (3.7), 

/ \um\'^dxdt< f \u\'^dxdt + C <C (3.10) 

with C independent of m. 

Next, we prove the following claim: 

Claim 3.3. There is a constant Mq such that ja^'P < Mq for all m. 

Proof of Claim 3.3. Suppose not . There is a subsequence {nik} such that /ifc = 
|a7'°| — * oo as A; ^ oo. We write Um^.{x,t) = "'"'= ^' . Then 

— ^^1-^ ^ Lou^^{x,t) + e^^{x,t)u^^{x,t) = ^, in Q, 

at fik 

UmA^,t)=0, on S, C3 IX) 

(M^fc(-,0),X,) = ^, j<IC, 

(«„,(-, 0),Xj) = (m„^(-,T),Xj), j > /C. 
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Apparently, |-^— | = 1 for each nik. After passing to a subsequence, if necessary, we can 
assume that 



_2 

Mfe 



aj with \ai\ = 1, cij = (ai, 02, ■ • ■ , aye)? i = 1, 2, ■ ■ ■ , /C. 



(3.12) 



Then by Lemma 3.1, there is a u G C([0, T]; L^(r2))nL^(0, T; i/Q(fi)) such that iim,fc ^ ^ in 
the weak L^-topology, and for any d > 0, iimki^} t) ~^ u{x, t) strongly in the L'^{[5, T] x Q) 
topology. Also, all the other statements in Lemma 3.1 hold. 
By (3.7), we have 

C > j \umf.{x,t) —u\'^dxdt 

|2, 



u 



Umk{x, t) — —\'^dxdt = 0, W6 > 0. 

[5,T]xuj' fik 



IfJ-kU-m^iXji) — u\ dxdt 
= {nkY I l«mfe(a^, t) \^dxdt 

Jq'^ fj-k 

f 11 

> {l^kf / \UraA^, t) Prfxdt, V(5 > 0. 

J[5,T]xu) /ifc 

Since //fc ^ 00, we see that 
hmfc_^oo 

From the property that UmS^-,t) -^ u{x,t) strongly in the L'^{[6,T] x 1]), it follows that 

/ \u(x,t)\'^dxdt = 0, \/6>0. 

J[S,T]xuj 

By the unique continuation property for solutions of the parabolic equations, which is 
a consequence the Carleman inequality (see Page 430, Inequality (2) of [16]), we get 
u{x,t) = in (0,T] X a Since ii e C([0,T], ^^(f])), we get u{x,0) = 0. On the other 
hand, by (3.12), [u[-,0),Xj) = dj with \dj\ = 1. We see a contraction. The proof of 
Claim 3.3 is complete. ■ 

Now, making use of Claim 3.3, Lemma 3.1 and (3.9), we can assume that there is 
a subsequence {nik} such that a^'' -^ a*j, {um^} converges in the weak L^-topology to 
u* e C([0, T]; L2(fi)) n L2(0, T; H^in)) with 



r du*{x,t) 



+ LQU*{x,t) + e*{x,t)u*{x,t) = f*{x,t), 



dt 

u*{x,t) = 0, 

iu*i;0),X,) = a*, 

[ {u*{;0),X,) = {u*{;T),Xj) 



in Q, 

on S, 
J<}C, 
j>/C. 
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By (3.7), we obtain 

d< \u*(x,t) — ul'^dxdt < lim / \umkix,t) — u\'^dxdt < d. 
So 



\u{e* ,a};x,t) — u\ dxdt = inf / \u{e,ai;x,t) — u\ dxdt. 

The proof of Theorem 1.3 is complete. I 

Proof of Corollary 1.4'- By Theorem 1.3, we can assume that k < ICq, where /Cq is 
the same integer as in Theorem 1.2. Notice that Sk C SjCo- We keep the notation set up 
before. 

Still let d = i^i{e,ai)eMqX'R'',ueu{e,ai;x,t) / \u{x,t) —u\'^dxdt with d < oo. We then also 



have a sequence of the pairs {{em,o,T)}m=i ^'^d ^ sequence of functions Um{em,ciT'i^^t) 
such that 

d< \umiem,(iTj^T'^) ~ ''^I'^dxdt < d-\ , 

Jo^ m 



(3.13) 



and 

'dt 



+ LoUm{em,a'P;x,t) + em{x,t)um{em,aY;x,t) = f{x,t), in Q, 



l^my^my (^J T X,i) U, 



{um{em, af] -, 0), Xj) = aj, 



on S, 

i > k. 

(3.14) 
Now, write af = (a^r ■ ■ , «r> «fcVi> «fcV2r ■ ■ , «)co) with a™ = {um{e^,af]x,0),Xj) = 
{um{em, aT'^ ^) ^)i ^i) for j = A; + 1, A; + 2, ■ ■ ■ , /Cq- Notice that 



|wm(em5 ft/*) ^1 '^)l dxdt < / |w| dxdt + C < C. 



(3.15) 



Since Um{em,(iY'i^^^) ^ '^fc C 5^:0 for each tti, making use of Lemma 3.1, we can repeat 
the same argument as in the proof of Theorem 1.3 to show that there is a subsequence 
{^^((em, , O/^'j ^5^)} of {'iim(em, o™;a;, t)} such that a^' -^ «/ and {wm,} converges in the 
weak L2-topology to u* G C([0,T]; L2(fi)) n L'^{0,T; H^{n)) with 



' du*{x,t) 



+ Lqu*{x, t) + e*(x, t)u*{x, t) = f{x, t), 



dt 
u*{x,t) =0, 

(«*(-,0),X,) = a*, 

(ii*(-,0),X,) = («*(•, T),X,), 



Moreover, as in Lemma 3.1, we also have 



in Q, 

on S, 
J < /Co, 
J > /Co. 
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u*iO) = {u*{;0),X,) = Jim^^HO) = Jim^^rm = u*{T) for j > k. 

Hence, u* G Sk- Now, by the same argument as in the proof of Theorem 1.3, we conclude 
the proof of Corollary 1.4. ■ 

Proof of Theorem 1.5: Keep the notation as in Theorem 1.5. Let a), a] G R'^ be such 
that 

d=/ |,.(e,ai;.,t)-rf,Wt= mf / We,a,;x-,«) - S|\M, , = 1,2, 

For r G R, define 

-^(''") = / \uie,Ta\ + il — T)a?T]x,t) —vPdxdt. Then 

-^(''") = / |T(M(e, a}; X, t) — m) + (1 — r)('u(e, a^; a;, t) — 'u)|^(ix(if. 



= d(r^ + (1 — t)^) + 2r(l — t) I {u{e, a]; x, t) — ■u)(-u(e, a?; x, t) — u)dxdt. 

Since /(r) achieves its minimum value at r = 0, we have /'(O) = 0, from which the 
following follows: 



d= {u{e,a\]x,t) — u){u{e,a\]x,t) — u)dxdt 
On the other hand, by the Holder inequality, we have 

(w(e, a}; x, t) — S)(w(e, a^; x, t) — u)dxdt 



< / |M(e, a); X, t) — Mprfxrft ■ / \u{e,a\,x,t) — u\^dxdt = d^ , 

with equality being held if and only if (w(e, a]; x, t) — S) = C{u{e, aj; x, t) — u) over Q"^ 
for a certain constant C. Apparently, this implies that 

tt(e, a}; x, t) — m = tt(e, a^; x,t) — u over Q"^. 

By the Carleman inequality as mentioned in the proof of Theorem 1.3, we conclude that 
u{e, a}; x, t) = u{e, aj; x, t) over Q. This then forces that they have the same initial value. 
In particular we conclude that a] = aj. The proof of Theorem 1.5 is complete. I 

Example 3.4: Consider the following heat equation: 

yt = Ay + cy + f{x,t), 0<x<l, 0<t<l. (3.16) 
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Here c e R and / G -^^((0, 1) x (0, 1)). Notice that {4^ sin(A;7rx)}^]^ forms an orthonormal 
basis of 1/^(0, 1). Write f{x, i) = ^2^=1 fkif) sin(A;7rx) and y = J2kLi cikit) sin(A;7rx). Then 
we have a'^(t) = —{k'ii)^ak(t) + ca^^t) + fk{t). Thus, we get 

Jo 

Now, choose c = (KttY and choose / such that / fK(t)dt ^ 0. Then (3.16) can never have 

J 
a solution y, which is in the space Sk-i- However, in this case, for any bf = (6i, ■ • ■ , bx), 

(3.16) does have a unique solution y{x,t) G Sk with (?/(■, 0), 4j sin (jttx)) = bj for j = 
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